We study a topological version of the T -duality relation between pairs consisting of a principal U(1)-bundle equipped with a degree-three integral cohomology class. We describe the homotopy type of a classifying space for such pairs and show that it admits a selfmap which implements a T -duality transformation.
Introduction

Summary
In this paper, we describe a new approach to topological T -duality for U(1)-principal
bundles E → B (E is the background space time) equipped with degree-three cohomology classes h ∈ H 3 (E, Z) (the H-flux in the language of the physical literature).
1.1.2
We first define a T -duality relation between such pairs using a Thom class on an associated S 3 -bundle. Then we introduce the functor B → P(B) which associates to each space the set of isomorphism classes of pairs. We construct a classifying space R of P and characterize its homotopy type. It admits a homotopy class of selfmaps T : R → R which implements a natural T -duality transformation P → P of order two. This transformation maps a class of pairs
[E, h] ∈ P(B) to a canonical class [Ê,ĥ] ∈ P(B) of T -dual pairs.
We conclude in particular that our definition of topological T -duality essentially coincides with previous definitions, based on integration of cohomology classes along the fibers.
1.1.3
We describe an axiomatic framework for a twisted generalized cohomology theory h.
We further introduce the condition of T -admissibility. Examples of T -admissible theories are the usual twisted de Rham cohomology and twisted K-theory. For a T -admissible generalized twisted cohomology theory h we prove a T -duality isomorphism between h(E, c) and h(Ê,ĉ),
where (E, c) and (Ê,ĉ) are T -dual pairs.
1.1.4
We compute a number of examples. Iterating the construction of T -dual pairs, we can define duals of certain higher dimensional torus bundles. We show that with our definition of duality the isomorphism type of the dual of a torus bundle, even if it exists, is not always uniquely determined.
1.1.5
We thank the referees for their useful comments, in particular with respect to the presentation and the physical interpretation of our results.
Description of the results
1.2.1
In this paper we try to explain our understanding of the results of the recent paper [2] and parts of [3] and [10] (Sec. 4.1) by means of elementary algebraic topology. The notion of T -duality originated in string theory. Instead of providing an elaborate historical account of T -duality here we refer to the two papers above and the literature cited therein. In fact, the first paper which studies T -duality is in some sense [12] . We will explain the relation with the present paper later in this introduction.
However, a few motivating words what this paper is about, and more importantly what
it is not about, are in order.
T -duality first came up in physics in the following situation. The space E appears as a part of a "background space-time". The cohomology class h ∈ H 3 (E, Z) describes the Flux for a NeveuSchwarz 3-form gauge potential H. In connection with T -duality, the case where E admits a free U(1)-action and thus has the structure of a principal U(1)-bundle, is of particular interest.
The natural generalization is a space with a free action of a higher-dimensional torus. Then E is a U(1) k -principal bundle. In such a situation, for physical reasons, one expects to find a dual bundle with a dual flux (i.e. cohomology class) roughly by replacing each fiber by the dual fiber, the so called T -dual. The T -dual should share many properties with the original bundle.
In particular one expects that certain twisted cohomology groups are isomorphic.
In the physical situation the spaces come with geometry. When passing to the dual, the metric on the fiber should be replaced by the dual metric on the dual fiber. A lot of the literature about T -duality and its relation to mirror symmetry have the geometry as a major ingredient, and they focus on situations in which the dimension of the fiber and the base coincide. One of the basic contributions in this context is [13] .
1.2.3
In the present paper we will completely disregard the geometry and metrics. This also explains the title "topological T -duality". We are only interested in the resulting topological type. Moreover, we adopt a mathematical definition of the T -duality relation by simply declaring certain cohomological properties which are expected for physical reasons.
This approach works best for U(1)-bundles. So we will concentrate on those for most of the paper with the exception of Section 4.4, where we study torus bundles by considering them as iterated U(1)-bundles.
1.2.4
In the present paper we study T -duality for principal U(1)-bundles equipped with an integral cohomology class of degree 3. We will call such data a pair (Definition 2.1). We first introduce T -duality as a relation between pairs (Definition 2.9) (in particular, a given pair can have several T -dual pairs). The paper [2] works almost exactly in the same setting: it also starts with a pair and defines what a dual pair is (via a construction which involves some choices, so again is not unique). This definition unfortunately is not very precise, since torsion in the cohomology is neglected. In Section 4.3 we show by an example that it is necessary to take the torsion into account if one studies e.g. the T -duality isomorphism for twisted K-theory.
1.2.5
At a first glance our definition of T -duality, which is based on a Thom class on an auxiliary 3-sphere bundle, looks quite different from the definition given in [2] , which relied on integration over the fiber. The link between the two definitions is provided by an explicit universal example over a universal base space R for our definition of T -duality. Using some non-trivial calculations in this universal example we will obtain a complete characterization of the T -dual (according to our definition) by topological invariants, which contains in particular the same kind of integration over the fibre as in the older notions of T -duality. We will show that, up to passing to real cohomology, the T -duality of [2] is characterized by the same topological invariants. Therefore, we can eventually conclude that our definition is essentially equivalent to the one used there (see 2.2.6, 2.2.7).
Later in the present paper we will understand T -duality as a map which associates to an isomorphism class of pairs a canonical dual isomorphism class of pairs in a two-periodic manner.
This in particular reproves the result of [2] that each pair admits a T -dual.
1.2.6
A third definition of T -duality is given in [12] (compare also [10] , 4.1) or in [2] . In [12] , the main object is a continuous trace algebra A with an R-action such that its spectrum (1) and the Dixmier-Douady class h(A) ∈ H 3 (X(A), Z). Vice versa each pair can be realized in this way. With an appropriate notion of Morita equivalence we have a bijection of equivalence classes of such algebras and isomorphism classes of pairs.
In [12] it is shown that the cross productÂ := A R is again a continuous trace algebra with R-action (the latter R is in fact the dual group of R) of the same type as above. It follows from the comparison of the topological invariants of the pairs (X(Â), h(Â)) and the dual pair ( X(A), h(A)) and the naturality of the constructions with respect to the change of the base spaces that our notion of T -duality of pairs indeed corresponds to the cross product in [12] .
It is well known that Â is Morita equivalent to A. This fact is reflected in our picture by the result that T -duality is two-periodic.
1.2.7
Given a base space B, we study the set P(B) of isomorphism classes of pairs (E, h) over B, where E → B is of a U(1)-principal bundle and h a class h ∈ H 3 (E, Z). It turns out that the contravariant set-valued functor B → P(B) can be represented by a space R, the classifying space of pairs. The T -duality can then be considered as a natural transformation T : P → P of functors, and it is represented by a homotopy class of maps T : R → R.
1.2.8
Our first main result (Theorem 2.17) is the characterization of the homotopy type of R as the homotopy fibration
which is classified by
Here K(Z, n) is the Eilenberg-MacLane space, i.e. characterized by the property that
The class c ∈ H 2 (K(Z, 2), Z) is the canonical generator. How fibrations are classified is recalled in 2.3.2.
1.2.9
The space R carries a universal pair, and the map T will of course have the property to represent the universal dual pair (Definition 2.27).
The classifying space R in fact already appears in [12] (proof of Theorem. 4.12). It is used there in order to simplify the verification of the relation of topological invariants which corresponds to the assertion of Lemma 2.33.
1.2.10
As observed in many places, T -duality comes with isomorphisms in certain twisted generalized cohomology theories. In fact, the calculation of such twisted generalized cohomology groups in terms of the (perhaps easier to understand) generalized cohomology groups of the dual is one (topological) motivation for the study of T -duality. If (E, h) and (Ê,ĥ) are pairs over M, and in particular E andÊ are principal U(1)-bundles over M, which are dual to each other, than (as shown e.g. in [2] ) there is an isomorphism (of degree −1) in twisted complex
. These isomorphisms are implemented by explicit T -duality transformations (Definition 3.12) which are constructed out of the diagram
using standard operations in twisted cohomology (like pull-back and integration over the fiber) 1 .
1.2.11
We say that a twisted generalized cohomology theory is T -admissible if the T -duality transformation is an isomorphism in the special case of the pair (U(1) → * , 0). Our second main result is the observation (Theorem 3.13) that the T -duality transformation for a T -admissible twisted generalized cohomology theory is an isomorphism, and that this fact is an easy consequence of the Mayer-Vietoris principle.
1.2.12
In order to produce a precise statement we fix the axioms for a twisted generalized cohomology theory in Subsection 3.1. In doing so we add some precision to the statements in [2] , in particular to the observation that the Chern character preserves the T -duality transformation ([2], 1.14).
The main point is that the cohomology class h ∈ H 3 (E, Z) only determines the isomorphism class of a twist and so the isomorphism class of K(E, h) or H(E, R, h) as an abstract group. In order to be able to say that the Chern character is a transformation between twisted cohomology theories one must use the same explicit objects to twist K-theory as one uses to twist real cohomology. In order to twist complex K-theory one usually considers a principal PU-bundle (but not a three-form as in [2] ). More details on twisted K-theory can be found in [1] . On the other hand, three-forms are usually used to twist real (de Rham) cohomology. We do not know any natural way to relate these two kinds of twists (but look at [7] , proof of Prop. 3.5, which perhaps solves this problem). In a previous paper [5] we have constructed versions of twisted K-theory and twisted real cohomology where the twists in both cases are Hitchin gerbes. For these versions of twisted cohomology theories the Chern character is indeed a natural transformation and preserved by T -duality. Since this gives a framework to work simultaneously with twisted K-theory and twisted cohomology, we propose to use Hitchin gerbes in this context. In the paper, however, we simply assume that the twists H and the twisted generalized cohomology theory h satisfies certain natural axioms, and then we go on to prove a natural T -duality
for any theory which satisfies these axioms and for dual pairs (E, H ) and (Ê,Ĥ ).
1.2.13
For the purpose of illustration we perform some calculations of twisted K-theory. For three-manifolds we obtain a complete answer in Subsection 4.1 (compare with the partial results of [11] ). We demonstrate the T -duality isomorphism in twisted K-theory for U(1)-principal bundles over surfaces by explicit calculation. 
If f :
A → B is a continuous map, then we can form the functorial pull-back
where F is defined by the pull-back
2.1.3
We say that two pairs are isomorphic (written as
2.1.4
Let (E i , h i ), i = 0, 1 be pairs over B. We say that they are homotopic (written as
. Note that we insist here in equality, it is not sufficient for later purposes to only have an isomorphism.
2.1.5
Lemma 2.2 On pairs, the relations "homotopy equivalence" ∼ and "isomorphism" ∼ = coincide.
Conversely, if (E 0 , h 0 ) and (E 1 , h 1 ) are isomorphic via an isomorphism F, we construct the ho- (1) by uγ(t) := γ(u −1 t) for γ ∈ LK(Z, 3) and u,t ∈ U(1).
Definition 2.4
We define the space R as the total space of the associated bundle
Note that R is well defined up to homotopy equivalence. We consider c also as a cohomology class c ∈ H 2 (R, Z).
2.1.7
Over R we have the U(1)-principal bundle π : (E := c * U) → R with first Chern class c ∈ H 2 (R, Z). Furthermore, we have a canonical map
where u, v ∈ U, γ ∈ LK(Z, 3) and t ∈ U(1) satisfy q(u) = q(v) = c([v, γ]), and tv = u. Note that this is well-defined, independent of the choice of the representative of the class [v, γ] ∈ R. We consider this map also as a cohomology class h ∈ H 3 (E, Z). In this way we get a pair (E, h) over R.
Definition 2.5
We call this pair (E, h) the universal pair.
2.1.8
We define the contravariant functor P from the category of topological spaces to the category of sets which associates to the space B the set P(B) of isomorphism classes of pairs and to the map f : A → B the pull-back f * : P(B) → P(A).
Proposition 2.6
The space R is a classifying space for P. In fact, we have an isomorphism of
Proof. It follows immediately from Lemma 2.2 that the functor P is homotopy invariant. Therefore Ψ ... is a well-defined natural transformation.
Let [E, h] ∈ P(B) be given. Up to isomorphism, we can assume that we have a pull-back diagram
.
We represent the class h by a map h : E → K(Z, 3). We construct a lift f : B → R of c as follows.
For b ∈ B choose e ∈ E b . Then we set
Observe that f (b) is independent of the choice of e.
) with e and γ as above. Therefore, h • F = h and we
between f * 0 (E, h) and f * 1 (E, h). The construction used for the surjectivity part provides us with a map f :
. To achieve equality, we have to choose E in such a way that E = c * U for an appropriate map c : The construction has the property that f k = f k , therefore f is a homotopy between f 0 and f 1 , proving that Ψ B is injective. 
Duality of pairs
2.2.1 Let π : E → B andπ :Ê → B be two U(1)-principal bundles. Let π : (L := E × U(1) C) → B andπ : (L :=Ê × U(1) C) → B be
Definition 2.7 A Thom class for S(V ) is a class Th
If S(V ) admits a Thom class, then by the Leray-Hirsch theorem its cohomology is a free H(B, Z)-module generated by 1 S(V ) and Th. Thom classes in general are not unique. In fact,
Th is a second Thom class if and only if Th
− Th = p * d for some d ∈ H 3 (B, Z). 2.2.2 Let c,ĉ ∈ H 2 (B, Z) denote the Chern classes of E andÊ. The product χ(V ) := c ∪ĉ ∈ H 4 (B, Z) is the Euler class of V .
Lemma 2.8 The bundle S(V ) admits a Thom class if and only if
Proof. This follows from the Gysin sequence for S(V ). For this question the important segment
2.2.3
We now consider two pairs (E, h) and (Ê,ĥ).
the inclusions of the S 1 -bundles into the S 3 -bundle.
Definition 2.9 We say that (E, h) and (Ê,ĥ) are dual to each other if there exists a Thom class
Th for S(V ) such that h = i * Th andĥ =î * Th.
Let π : E → B andπ :Ê → B be given U(1)-principal bundles with first Chern classes c
andĉ. Then 2.8 has the following consequence. and (Ê,ĥ +π * b) for some b ∈ H 3 (B, Z).
Corollary 2.10 There exists h
∈ H 3 (E, Z) andĥ ∈ H 3 (Ê, Z) such that (E,
2.2.5
Let (E, h) and (Ê,ĥ) be dual pairs. We consider the following part of the Gysin sequence
We observe the following consequence of 2.10.
Corollary 2.11 If (E, h) is dual to (Ê,ĥ) and also to (Ê,ĥ ), then we haveĥ
for some a ∈ H 1 (B, Z).
Lemma 2.12 If (E, h) is dual to
Proof. We defer the proof to 2.33. It follows from the calculation of the cohomology in the universal situation. 2
Lemma 2.13 Let (E, h) be dual to (Ê,ĥ). Consider the fiber product
(2.14)
Proof. This is the parameterized version of the situation considered later in 3.2.1. In particular, we have a homotopy h :
are the canonical inclusions into the sphere bundle of the complex vector bundle
2.2.6
We are now in the situation to compare our definition of T -duality with the definition used in [2] , Section 3.1. When interpreted in cohomological terms instead of using the language of differential forms, [2] constructs to a given pair (E, h R ) (where
is an real cohomology class with integral periods) another pair (Ê,ĥ R ), again witĥ
Let c be the first Chern class of E and use the notation of (2.14). By c R we denote the image of
The construction in [2] depends on a few choices, in particular the choices of connections.
An integral lift h ∈ H 3 (E, Z) of h R uniquely determines the isomorphism class of the U(1)-
principal bundleÊ with Chern classĉ := π ! (h). The cohomology classĥ R is then determined up to addition of a class of the formπ * (c R ∪ b) with some b ∈ H 1 (B, R).
In [2] , 3.1 it is shown that π * (h R ) =ĉ R andπ * (ĥ R ) = c R . These formulas differ from those of Lemma 2.12 by some signs. The reason is that in [2] the dual bundle is considered with the opposite U(1)-action. In [2] it is also shown that p * h R =p * ĥ R .
We will now prove that up to addition of classes of the formπ
is uniquely determined by these properties. Since our T -duality pairs share these properties, we conclude that (upon passing to real cohomology) they are dual in the sense of [2] . It then follows also thatĥ R can be chosen with integral periods and with an integral lift h such thatπ * ĥ = c, since we construct an integral lift of some representative. This assertion is also implicit in [2] , but without a detailed proof. Note also that the ambiguity in the dual clasŝ h is exactly parallel to the ambiguity in the construction of [2] .
2.2.7
To prove thatĥ R is determined by the propertiesπ * ĥR = c R andp * ĥ R = p * h R we consider the following web of Gysin sequences for the U(1)-principal bundles p,p, π andπ. Every row and every column is exact, and by the naturality of the Gysin sequence every square commutes. We use cohomology with real coefficients throughout, but the diagram is of course also correct with integral coefficients.
Assume thatĥ,ĥ ∈ H 3 (Ê) both satisfy the above equations, and set d :=ĥ −ĥ . It follows that
, and thatp * d = 0. The second property implies that there is a lift l ∈ H 1 (Ê)
. Without loss of generality we can assume that B is connected (else we work one component at a time). Now, only two possibilities remain (since [2] uses real coefficients, where no torsion phenomena occur).
(1) Either n = 0, then l =π * a for a suitable a ∈ H 1 (B), and consequentlyĥ
which is exactly what we want to prove.
In this case,π * c R = 0 and therefore alsô
Let us fix (E, h).
Theorem 2.16 The equivalence class of pairs which are dual to (E, h) is uniquely determined.
Proof. By Lemma 2.12 the isomorphism class of the underlying U(1)-bundleÊ of a pair dual Then we can factor U as the composition
where m is given by the principal bundle structure. Observe that we have the pull-back diagram
is the canonical generator, naturality of integration over the fiber, and the split of pr 2 , we obtain
Now we return to the construction of U (and therefore g) with U * ĥ =ĥ . To achieve this, We consider a bundle
The topology of R 2.3.1 It is a topological fact that the universal bundle with fiber K(Z, 3) is
which is classified by κ ∈ H 4 (B, Z). For simplicity we assume that B is connected and simply connected. Then κ can be read off from the differential d 0,3 4 in the Serre spectral sequence for the bundle. By the Hurewicz theorem, the relevant part of the E 4 -page looks like
is multiplication with κ.
2.3.3
The main result of the present subsection is the determination of the homotopy type of R.
Let z ∈ H 2 (K(Z, 2), Z) be the canonical generator. By the Künneth theorem, the cohomology
is the polynomial ring in two generators c = pr
Theorem 2.17 R is the total space of a bundle
which is classified by c ∪ĉ ∈ H 4 (K(Z, 2) × K(Z, 2), Z).
2.3.4
To prove Theorem 2.17, we first compute the homotopy groups π i (R). Observe that S 0 and S 1 admit only one isomorphism class of pairs. This implies that R is connected and simply connected. This observation also frees us from basepoint considerations.
Lemma 2.19
The homotopy groups of R are given by
Proof. We first observe that there is exactly one isomorphism class of pairs over S i for i ≥ 4,
and π 3 (R).
If (E, h) is a pair over S 3 , then we have
Let us now consider a pair (E, h) over S 2 . Note that E is canonically oriented, in particular
be its first Chern class. Then we define the tuple of
2.3.5
The computation of the homotopy groups of R implies by the Hurewicz theorem that
Let π : E → R be the universal bundle and h ∈ H 3 (E, Z) be the universal class.
Definition 2.20
We defineĉ := −π ! (h) ∈ H 2 (R, Z).
Lemma 2.21
We have H 2 (R, Z) = cZ ⊕ĉZ.
Proof. Using the canonical isomorphisms H
An inspection shows that this isomorphism maps ac + bĉ to (a, −b). Therefore, H 2 (R, Z) is freely generated by c andĉ. 2
2.3.6
Letĉ be classified by a mapĉ : R → K(Z, 2). We will now determine the homotopy fiber
Lemma 2.22
The homotopy fiber of (c,ĉ) is K(Z, 3).
Proof. We consider the long exact sequence of homotopy groups
We immediately conclude that
Therefore the relevant part is now
Now we observe that (c,ĉ) induces an isomorphism in integral cohomology of degree i ≤ 2.
Therefore it induces an isomorphism α :
2.3.7
We now have seen that R is the total space of a bundle
It remains to determine the invariant κ ∈ H 4 (K(Z, 2) × K(Z, 2), Z) which determines this bundle. To do this we compute the cohomology of R up to degree 4 and then we determine the differential in the Serre spectral sequence of the bundle. We already know that n H n (R, Z)
2.3.8
We start with recalling the low-dimensional integral cohomology of LK(Z, 3). Note that K(Z, 3) has the structure of an H-space (because one possible model is ΩK (Z, 4) ), so that
We now conclude by the Künneth formula that
2.3.9
We compute the cohomology H 3 (R, Z) using the Gysin sequence of
is a pull-back of U(1)-principal bundles. Therefore the first Chern class of the U(1)-principal
We further use the fact that U is contractible. The relevant part of the Gysin sequence is
Since c is the first Chern class of π : E → R, the above principal bundle is isomorphic to E and we can use the Gysin sequence for π :
Since H 3 (LK(Z, 3), Z) ∼ = Z and H 2 (R, Z) is free abelian this implies that
2.3.10
The map c : as direct summand inside H * (R, Z).
2.3.11
In particular, c 2 = 0. Therefore the kernel of c : H 2 (R, Z) → H 4 (R, Z) is generated bŷ c. The Gysin sequence for (2.23) now gives
where the last copy Z is H 4 (LK(Z, 3), Z). This implies that
We now show that c 2 andĉ 2 generate H 4 (R, Z) as a Z-module. We consider the pair over K(Z, 2)
consisting of the trivial bundle Π :
is a generator. This pair is classified by a
Then we have f * c = 0 and
This shows thatĉ ∈ H 2 (R, Z) generates a polynomial ring isomorphic to Z[ĉ] inside H * (R; Z).
Furthermore, we see that f * (ĉ 2 ) = z 2 is primitive so thatĉ 2 must be primitive, too. Thus
Let us collect the results of our computations:
Lemma 2.24 We have n H(R, Z)
0 Z 1 0 2 cZ ⊕ĉZ 3 0 4 c 2 Z ⊕ĉ 2 Z .
2.3.12
We now finish the proof of Theorem 2.17. We consider the E 4 -page of the Serre spectral sequence of the fibration (2.18). .
We read off that
The last map is the edge homomorphism and therefore induced by the map R → K(Z, 2) ×
K(Z, 2). Since under this map c is mapped to c andĉ toĉ, d
0,3 4 is multiplication by ±c ∪ĉ. This finishes the proof of Theorem 2.17 2
The T -transformation
We have already observed that E and U × LK(Z, 3) are isomorphic U(1)-principal bun-
dles over R, both having first Chern class c. Since U is contractible, we know the low dimensional cohomology of E by Section 2.3.8. Using the Gysin sequence of π : E → R, we determine the generators in terms of characteristic classes of E. From
Lemma 2.25 n H(E, Z)
0 Z 1 0 2 π * ĉ Z 3 hZ 4 π * ĉ2 Z .
The classĉ classifies a U(1)-principal bundleπ :Ê → R.
Since c ∪ĉ = 0 and H 3 (R, Z) = 0 there exist unique classes h ∈ H 3 (E, Z) andĥ ∈ H 3 (Ê, Z) such that (E, h) and (Ê,ĥ) are dual to each other, where we use Corollary 2.10.
Lemma 2.26 We have h = h.
Proof. Let r : V → R denote the two-dimensional complex vector bundle given by V := L ⊕L, where L andL are the hermitian line bundles associated to E andÊ. Then we can factor the associated unit sphere bundle as
where P(V) is the projective bundle of V. Letc ∈ H 2 (P(V), Z) be the first Chern class of the
U(1)-principal bundle s : S(V) → P(V).
By the Leray-Hirsch theorem H * (P(V), Z) is a free module over H * (R, Z) generated by 1 P(V) ∈ H 0 (P(V), Z) andc. The line bundles L andL induce two sections l,l : R → P(V) such that we have the following pull-back diagrams
Note that l * c = c andl * c =ĉ.
Furthermore, we deduce from the projection formula that
Using the information about the ring structure of H * (R, Z) it follows that c + b = mĉ and c + b = nc for some m, n ∈ Z. Since H 2 (R, Z) is freely generated by c andĉ we conclude that
is a multiple of h. Since π ! (h) = π ! (h) we see that h = h. 2
2.4.3
We also see that π ! (ĥ) = −c. This shows thatĥ :=ĥ ∈ H 3 (Ê, Z) is a generator.
Definition 2.27
We define the dual universal pair to be (Ê,ĥ).
As in 2.4.1 we have
Corollary 2.28 n H(Ê, Z)
0 Z 1 0 2 π * cZ 3ĥZ 4 π * c 2 Z .
Let T : R → R be the classifying map of the dual pair (Ê,ĥ), covered by the U(1)-bundle
map T E :Ê → E.
Lemma 2.29 T • T classifies (E, h). In particular, T
Proof. We have T * c =ĉ.
The underlying bundle of the pair classified by T 2 is π : E → R.
Recall from 2.1.8 that P(B) denotes the set of isomorphism classes of pairs over B, and that we have a natural transformation of functors Ψ B : [B, R] → P(B). The map T : R → R
induces an involution
Definition 2.30 We define the natural transformation of set-valued functors
We call it the T -duality transformation.
2.4.6
The following is a consequence of 2.29.
Corollary 2.31 Note that T 2 B = id. In particular, the T -duality transformation is an isomorphism of functors.
2.4.7
Let (E, h) be a pair over B and c ∈ H 2 (B, Z) be the first Chern class of E.
Lemma 2.32 Any pair (E, h) admits the dual pair (Ê,ĥ) representing the class T B ([E, h]). The first Chern classĉ ∈ H 2 (B, Z) ofÊ is given byĉ
Proof. Let f : B → R classify the pair (E, h). Then we let (Ê,ĥ) = f * (Ê,ĥ). The relations between the Chern classes and the three-dimensional cohomology classes follow from the corresponding relations over R obtained in 2.4.2. We have compatible pull-back diagrams
We obtain the Thom class of S(V ) as a pull-back of the universal Thom class of S(V). Its restriction to E andÊ gives h andĥ. This shows that (E, h) and (Ê,ĥ) are in duality. 2
We consider pairs (E, h) and (Ê,ĥ) over a space B. Let c,ĉ denote the first Chern classes
of E andÊ.
Lemma 2.33 If (E, h) and (Ê,ĥ) are dual to each other, then we have c
Proof. Denote the canonical generators of the polynomial ring
(instead of c,ĉ -we do this in order to avoid notational conflicts).Recall that we have a bundle 
2.4.9
Note that there is a natural action of H 3 (B, Z) on the set P(B) given by β[E, h] := (E, h + π * β), β ∈ H 3 (B).
Lemma 2.34 The T -duality transformation is equivariant with respect to this action of H 3 (B, Z).
Proof. This is an immediate consequence of 2.10. 
If h : C → D is a third map, then we require that
3.1.2
The following three requirements provide the coupling to topology.
(1) We require that there is a natural transformation c : T (. . . ) → H 3 (. . . , Z) (the latter is considered as a pre-sheaf of categories in a trivial manner, i.e. with only identity morphisms) which classifies the isomorphism classes of T (B) for each B.
(2) If H , H ∈ T (B) are equivalent objects, then we require that Hom(H , H ) is a H 2 (B, Z)-torsor such that the composition with fixed morphisms gives isomorphisms of torsors.
Furthermore, we require that the torsor structure is compatible with the pull-back. Note that we have natural bijections u : Hom(H , H ) → H 2 (B, Z) which map compositions to sums. We set c( f 
3.1.4
In the following we fix some framework of twists and formulate the axioms of a twisted cohomology theory in this framework. We fix a cohomology theory h for which we want to define a twisted extension.
Definition 3.1 A twisted cohomology theory h extending h associates to each space X and each
To a morphism u : H → H of twists it associates an isomorphism, natural with respect to pullbacks,
Finally, we require an integration map
Integration shall be natural with respect to morphisms in T (X).
These structures must satisfy the axioms described below.
Axiom 3.2 (Extension) Let θ X ∈ T (X) denote the trivial twist. There exists a canonical isomorphism h(X, θ X ) → h(X) which preserves pull-back and integration over the fiber.
Axiom 3.3 (Functoriality) If g : Z → Y is a second map, then we have
Ψ g, f (H ) * • ( f • g) * = g * • f * .
If v : H → H is another morphism of twists, then we have
v * • u * = (u • v) * .
Assume that
we can by assumption read off the isomorphism class from the pullbacks of the corresponding classifying cohomology class, which are equal by homotopy invariance of cohomology. We
to be the unique morphism of twists such that
is the identity. The morphism u(h) is determined uniquely this way since i * 0 : Z) is an isomorphism. The canonical isomorphisms are induced by Axiom 3.3. Note that u(h) is natural with respect to morphisms in T (X).
Finally we define
v(F) : f * 0 H can ∼ = i * 1 • (id R × f 0 ) * • pr * 2 i * 1 (u(h)) ∼ = i * 1 • F * • pr * 2 H can ∼ = f * 1 H
Axiom 3.4 (Homotopy invariance)
With these conventions we require that
Axiom 3.5 (Integration) (1) Functoriality If q : Z → Y is a further proper h-oriented map, then we have
p ! • q ! • Ψ p,q (H ) * = (q • p) ! : h(Z, (q • p) * (H )) → h(X, H ) .
(2) Naturality If g : Z → X is a further map, then we have the Cartesian diagram
and we require that
Axiom 3.6 (Mayer-Vietoris sequence) If X = U ∪V is a decomposition by open subsets, then
we can find a function φ : X → R such that φ |X\U = 1, φ X\V = −1, and the inclusion i :
and r : U ∩V → X denote the inclusions, and define
Then we require that the following sequence is exact:
where some canonical isomorphisms are suppressed in the notation.
3.1.6 Examples of twisted cohomology theories which satisfy these axioms (on the category of smooth manifolds and smooth maps) are twisted de Rham cohomology and twisted Spin ccobordism theory [4] and [5] . In these examples twists are Hitchin gerbes. As indicated in [5] there should also be a twisted version of complex K-theory. In this case the missing piece in the literature is a nice description of integration over the fiber and also of the boundary operator in the Mayer-Vietoris sequence.
T -admissibility
3.2.1
We consider the unit sphere S ⊂ C 2 = C ⊕ C. Let E := S 1 andÊ := S 1 . We consider the embeddings i : E → S, i(z) = (z, 0) andî :Ê → S,î(ẑ) = (0,ẑ). Let T := E ×Ê and p : T → E andp : T →Ê denote the projections. We define the homotopy h :
homotopy h induces a unique morphism
where u(h) is defined in Section 3.1.5.
3.2.2
Let h be a twisted cohomology theory. Note thatp is canonically h-oriented since TÊ is canonically trivialized by the U(1)-action.
Definition 3.7 We say that the twisted cohomology theory h is T -admissible if
is an isomorphism. Note that the map has degree −1.
3.2.3
Naturality implies that T -admissibility does not depend on the choice of K inside its isomorphism class.
3.2.4
We show now how one can check T -admissibility in practice.
Let S/(E ∪Ê) be the quotient space of S where i(E) andî(Ê) are identified to one point. We have a natural identification r : S/(E ∪Ê) ∼ = Σ(T ∪ * ) given by the homotopy h used in Section
is the projection. Thus, we can choose K := p * r * K for some twistK ∈ T (Σ(T ∪ * )). Note Note that H 2 (T, Z) acts naturally on h(T ) via the identifications H 2 (T, Z) ∼ = Hom(θ T , θ T ) and
we denote this action by g * .
Therefore, in order to check that the cohomology theory h is T -admissible, it suffices to show
is an isomorphism if g ∈ H 2 (T, Z) is a generator.
3.2.5
Lemma 3.8 Twisted K-theory is T -admissible.
T -duality isomorphisms
3.3.1 We consider two pairs (E, h) and (Ê,ĥ) over B which are dual to each other. We use the notation of 2.2.1. Let Th ∈ H 3 (S(V ), Z) be a Thom class. We choose a twist K ∈ T (S(V )) such that c(K ) = Th. Then we define H := i * K ∈ T (E) andĤ :=î * K ∈ T (Ê). We have c(H ) = h and c(Ĥ ) =ĥ. We consider the diagram
This is the parameterized version of the situation considered in 3.2.1. In particular, we have a
which is natural under pullback of bundles.
Let h be a twisted cohomology theory.
Definition 3.12 We define the T -duality transformation
T :=p ! • u * • p * : h(E, H ) → h(Ê,Ĥ ) .
3.3.2
The main theorem of the present section is the following. Assume that B is homotopy equivalent to a finite complex.
Theorem 3.13 If h is T -admissible, then the T -duality transformation T is an isomorphism.
Proof. Let f : A → B be a map. Then we use the pull-back of K in order to define the duality transformation T over A. Let F : f * E → E andF : f * Ê →Ê be the induced maps. The statement of the following Lemma involves various (not explicitly written) canonical isomorphisms.
Lemma 3.14 We have
Assume that we have a decomposition B = U ∪V with open subsets U and V and let j : U ∩V → B denote the inclusion. By taking pre-images with respect to π andπ we obtain associated
denote the boundary operators in the Mayer-Vietoris sequences.
Lemma 3.15
We have
Assuming these lemmas, the proof of the theorem now goes by induction on the number of cells of B. The induction starts with any contractible base since h is T -admissible, using naturality and homotopy invariance. In the induction step we adjoin a cell. We use Lemma 3.14 and 3.15 in order to see that T induces a map of Mayer-Vietoris sequences. The induction step now follows from the five-lemma. 2
3.3.3
We now prove Lemma 3.14. Let G : f * E × A f * Ê → E × BÊ be the induced map. The assertion follows from the following computation, omitting a number of canonical isomorphisms. The assertion of the Lemma now follows from the following computation, where canonical isomorphisms are omitted.δ to n ∈ Z. Representatives can be pulled back from S 3 using a map of degree 1. Note that H ) is independent of the twist in its class up to a non-canonical isomorphism. In the present subsection we want to compute the isomorphism class of this group which we will denote by K(E, n). Our computation is based on the Mayer-Vietoris sequence.
We now prove
• T =Î ! •K * • (Ĵ * p) ! • (G * u) * • (J * p) * =Î ! • (Î * p) ! • (Ĩ * u) * • (I * p) * • K * =p ! •Ĩ ! • (Ĩ * u) * • (I * p) * • K * =p ! • u * •Ĩ ! • (I * p) * • K * =p ! • u * • p * • I ! • K * = T • δ .K(E,
4.1.2
We choose a ball U ⊂ E. Then we have a decomposition E = U ∪V such that U ∩V ∼ S 2 .
We identify the twists on U and V with the trivial twist. We can arrange that under the degree 1 map to S 3 the set U is mapped to the complement of the south pole and V is mapped to the complement of the north pole.
Using the relation between twists and morphisms in the suspension S 3 of S 2 and naturality, we see that a twist in the class n is given by the transition morphism v : θ S 2 → θ S 2 such that
denote the corresponding automorphism. It acts by the cup product with the class of the line bundle of degree ±n. Then the Mayer-Vietoris sequence reads
where i : S 2 → U and j : S 2 → V are the inclusions. At this point we have fixed the sign of the class of the twist.
4.1.3
We identify K(S 2 ) ∼ = ZI ⊕ Zθ, where I is represented by the trivial one-dimensional bundle, and θ is represented by the difference of a line bundle of degree one and a trivial line bundle. We then have u * I = I ± nθ and u * θ = θ.
4.1.4
The Mayer-Vietoris sequence gives
The restriction of a to the first summand maps 1 ∈ Z to I ⊕ ±nθ.
Therefore we have a(k, x) = (k − dim(x))I ± knθ. We conclude that for n = 0
Note that K 1 (V ) is free abelian and satisfies rank K 1 (V ) = rank K 1 (E) − 1. In particular we get 
We use the Gysin sequence in order to compute the integral cohomology of
4.1.6
We now compute the K-theory of E k using the Atiyah-Hirzebruch spectral sequence.
The second page in the case k = 0 looks like (vertically periodic)
The only possibly non-trivial differential is d 2,3 3 . But since the spectral sequence degenerates rationally, the differential is trivial. We get
4.1.7
We now use this result in order to compute K(E k , n). We get for n = 0
4.1.8
Let us now verify that this computation confirms T -duality. In fact, the unique dual pair
of degree −1. This is in fact compatible with the results above. , Z) is the canonical generator. We first compute H(E n , Z) using the Gysin sequence for
Line bundles over
Note that r = ∞ is permitted in the construction and calculation, and that E n,∞ is a model for BZ/nZ.
4.2.2
We compute the K-theory of E n,r using the Atiyah-Hirzebruch spectral sequence. We observe that this sequence degenerates. We get
, where A n r is an abelian group with n r elements and with composition series with subquotients Z/nZ. Using Atiyah's completion theorem lim
we get extra information about these groups, e.g. that the limit is torsion-free. In the particularly simple case n = 2 we have
, which implies that A 2 r ∼ = Z/2 r Z is cyclic. For other n, in particular if n is a prime number, A n r can also be computed explicitly by looking at the completion theorem and suitable Leray-Serre spectral sequences; we leave this as an exercise to the reader. A precise answer can be found e.g. in the book of Gilkey [9] , Thm. 4.6.7.
4.2.3
The computation of the cohomology shows that for r > 1 only E 0 admits non-trivial twists (the case r = 1 is covered by Section 4.1). Let us fix the generator g ∈ H 3 (E 0 ) such that
Then twists H over E 0 are classified by an integer k ∈ Z such that c(H ) = kg. Let K(E 0 , k) be the isomorphism class of the twisted K-theory for the twists in the class k ∈ Z. We can now apply T -duality in order to compute this group. In fact, the unique dual pair of (E 0 , k)
Note that the calculations of this section, using the results of the present paper, rely on the fact that twisted K-theory is a twisted cohomology theory in the sense of our axioms. As explained earlier, no complete account of such a theory seems to be available in the literature . 
The group of automorphisms of T is GL(2, Z).
If we identify T ∼ = R 2 /Z 2 , then the action of this group on T is induced by the linear action on R 2 . Let φ ∈ GL(2, Z).
Definition 4.2 Two principal T -bundles F → B and F → B are φ-twisted isomorphic if there
exists an isomorphism of fiber bundles Assume that B is connected. We say that two T -principal bundles over B are twisted isomorphic if they are φ-twisted isomorphic for some (then uniquely determined) φ.
4.4.3
We consider a T -principal bundle π : F → B. We need the subgroups S 0 := U(1)×{1} ⊂ T and S 1 := {1} ×U(1) ⊂ T . We define E 0 := F/S 0 and E 1 := F/S 1 . All these spaces fit into
where p i and π i are U(1)-principal bundles in a natural way. We consider a class h ∈ H 3 (F, Z).
Definition 4.4
We say that the pair (F, h) is dualizable, if h = p * 0 (h 0 ) + p * 1 (h 1 ) for some h i ∈ H 3 (E i , Z).
4.4.4
We can now try to construct a T -dual of (F, h) by iterated T -duality. We first form the dual ( 0F , 0ĥ ) of the pair (F → E 1 , h) . Note that we have the pull-back diagram
Let (Ê 0 ,ĥ 0 ) be a dual of (E 0 , h 0 ). Then we get 0F by the pull-back diagram Now we form the dual (F,ĥ) of the pair ( 0F →Ê 0 , 0ĥ ). Let (Ê 1 ,ĥ 1 ) be the dual of (E 1 , h 1 ).
Then we getF by the pull-backFp Our example should be contrasted with the constructions of [3] , were a very similar definition of T -duality for torus bundles is used, but in which case (at least according to the authors) the Tdual (which exists under conditions similar to ours) is uniquely determined (up to isomorphism).
In [10] , a different approach to T -duality for torus bundles is used, based on continuous trace algebras over the initial bundle and actions of R n on the continuous trace algebra. Under our existence assumption, the construction of [10] also gives rise to a classical dual torus bundle, which is claimed to be uniquely determined. The relationship to our construction is not quite clear, we plan to investigate this, and to give more information about the higher dimensional case in a subsequent paper. 
A T -principal bundle
